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KAC-MOODY LIE ALGEBRAS, SPECTRAL SEQUENCES,
AND THE WITT FORMULA

SEOK-JIN KANG

ABSTRACT. In this work, we develop a homological theory for the graded Lie
algebras, which gives new information on the structure of the Lorentzian Kac-
Moody Lie algebras. The technique of the Hochschild-Serre spectral sequences
offers a uniform method of studying the higher level root multiplicities and the
principally specialized affine characters of Lorentzian Kac-Moody Lie algebras.

INTRODUCTION

In the past 20 years, the theory of Kac-Moody Lie algebras has developed
rapidly and with great success. Surprising connections to areas such as combi-
natorics, modular forms, and mathematical physics have shown Kac-Moody Lie
algebras to be of uncommon interest. The discovery of the Macdonald identi-
ties gave rise to an intensive study of the class of affine Kac-Moody Lie algebras
and their representations [Mcd]. The structure of such Lie algebras and their
connections with other branches of mathematics and mathematical physics have
been well-established and are being extensively investigated.

The next natural step after the affine case is that of the hyperbolic Kac-Moody
Lie algebras. One of the most ambitious goals of current research activity in
infinite dimensional Lie algebras may be to construct geometric realizations of
the hyperbolic Kac-Moody Lie algebras. Once that is accomplished, we will have
a much deeper understanding of the structure of Kac-Moody Lie algebras and
their connections with number theory. Unfortunately, many basic questions
regarding the hyperbolic case are still unresolved. For example, the behavior of
the root multiplicities is not well-understood. Feingold-Frenkel [F-F] and Kac-
Moody-Wakimoto [K-M-W] made some progress in this area. They computed
the level 2 root multiplicities for the hyperbolic Kac-Moody Lie algebras H. Aﬁl)
and HE,(;I) . Other important works on the hyperbolic Kac-Moody Lie algebras
include [Fe2, Fr, LM, and M2]. Recently, V. Kac has informed the author that
he also discovered a level 3 root multiplicity formula for H A(ll) (unpublished).

In this work, we develop a homological theory for the graded Lie algebras.
Combining with the representation theory of affine Kac-Moody Lie algebras,
we obtain new information on the structure of the Lorentzian Kac-Moody Lie
algebras; i.e., Kac-Moody Lie algebras whose Cartan matrix has a Lorentzian
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signature. The technique of the Hochschild-Serre spectral sequences offers a
uniform method of studying the higher level root multiplicities and the princi-
pally specialized affine characters of Lorentzian Kac-Moody Lie algebras.

More precisely, we start with the observation that any symmetrizable Kac-
Moody Lie algebra can be realized as the minimal graded Lie algebra L =
@D,cz Ln with the local part V@& Lo® V*, where Lo is a “smaller” Kac-Moody
Lie algebra, V' is an integrable irreducible highest weight module over Ly, and
V* is the contragredient of V' in a suitable sense [Kang]. So L = G/I, where
G = @, Gn is the maximal graded Lie algebra with the local part VeLoaV*,
and I = @, I» is the maximal graded ideal of G intersecting the local part
trivially. In particular, when L, is an affine Kac-Moody Lie algebra and V is
the basic representation of Lj, we obtain a series of Lorentzian Kac-Moody Lie
algebras (e.g., [F-F, K-M-W, Kang]). The idea is to study the structure of each
homogeneous space L, as a module over the affine Kac-Moody Lie algebra L.
We note that G+ = @, G+» is the free Lie algebra generated by G, = V*
(respectively, G_; = V). Thus we divide our study into two parts: the study
of the free Lie algebra and the study of the maximal graded ideal.

For the free Lie algebra, by a direct generalization of the proof of the classical
Witt formula given in [Se], we obtain a character formula for the free Lie alge-
bra, which we also call the Witt formula. The main ingredients of the proof are
the Poincaré-Birkhoff-Witt theorem and the Mobius inversion. For the maximal
graded ideal, as O. Mathieu pointed out (in private communication), one can
use the exact sequences in [Kac2] to understand the structure of /. The main
result of this work is the following reduction theorem:

Let I be the graded ideal of the free Lie algebra G generated by the subspace
Im of G for m>2. Let 1V =%, .. I,. Since I, generates I, 1) s
also a graded ideal of G generated by the subspace I;. Consider the quotient
Lie algebra LU) = G/IY). Then we have

Iiy = (Ve I;)/Hs(LY)y .

Thus we reduce the problem to computing H3(LY)). When j is the first non-
trivial index, we can compute the homology modules using the Kostant formula
[Ko, G-L, Liu]. For the higher levels, we invoke the technique of Hochschild-
Serre spectral sequences and the five term exact sequences. Combining with the
representation theory of affine Kac-Moody Lie algebras, we determine some of
the boundary homomorphisms, and deduce new structural information on the
maximal graded ideal. Applying this to certain Lorentzian Kac-Moody Lie alge-
bras, we compute the principally specialized affine characters for certain higher
levels. Furthermore, we compute the root multiplicities of the hyperbolic Kac-
Moody Lie algebras H Asl) and H Agz) up to level 3. All the formulas obtained
here are new. Comparing with Kac’s result, we obtain a combinatorial identity.
As far as we know, the formulas for levels higher than 3 are first computed here.

1. PRELIMINARIES

An n x n matrix 4 = (a;;) is called a generalized Cartan matrix if it satisfies
the following conditions: (i) a;; =2 for i=1, ..., n, (ii) a;; are nonpositive
integers for i # j, (iii) a;; = 0 implies a;; = 0. A is called symmetrizable if
DA is symmetric for some diagonal matrix D = diag(q,, ..., g.) With ¢; >0,
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qi € Q. A realization of an n x n matrix A of rank [ is a triple (p, IT, ITV),
where b is a (2n — /)-dimensional complex vector space, II = {a, ..., an}
and IV = {aY, ..., a,/} arelinearly independent indexed subsets of h* and b,
respectively, satisfying a;(a)) = a;j for i, j=1, ..., n. The Kac-Moody Lie
algebra g(A) associated with a generalized Cartan matrix A is the Lie algebra
generated by the elements ¢;, f; (i = 1,...,n) and h with the following
defining relations:
[A,h1=0 forh,h €,
[e,‘,f}']=(5,'ja}/ for i,j= 1, P (8
(1.1) [ha ej]:z aj(h)673 [h’ j}]::-—aj(h)j} for j =1 s eee s My
(ade;)'~%(e;)=0 fori,j=1,...,nwithi# j,
(adf)!=%i(f;)=0 fori,j=1,...,nwithi#j.

The Kac-Moody Lie algebra g(A4) has the root space decomposition
= @ Ba>
a€h*
where
= {x € g(4)|[h, x] = a(h)x for all h € bh}.

An element o € h* is called a root if g, # 0. The space g, is called the a-root
space and dimg, is called the multiplicity of a. Denote by n* (respectively,
n~) the subalgebra of g(A4) generated by the elements e; (respectively, f;) for
i=1,...,n. Then g(A4) has the triangular decomposition g(A) =n~dhodnt.

A g(A)-module V is called a highest weight module with highest weight A €
h* if there exists a nonzero vector v € V' such that (i) n*-v =0, (ii) h-v =
A(h)v forall h e b, (iii) U(g(4))-v =V, where U(g(A4)) denotes the universal
enveloping algebra of g(A4). A highest welght module. V' with highest weight
A has the weight space decomposition

where
Vi={veV|h-v=Ah)v for all h € bh}.

It is easy to see that dim V; < oo. We define the formal character of V to be
chV =) (dim¥;)e(d),
A€h*
where e(A) are the elements of the group algebra C[h*] with the multiplication
e(Ae(u) =e(A+pu) fori,ueh*.
For a weight A=A - Y, kia; of V', we define deg(4) =3, k;. Then setting

V,-=€BVA

A : deg(d)=j

defines the principal gradation of V :

V=V

j20
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We define the principally specialized character of V to be

chy =) (dim V;)q’ .
Jj20

For each A € h*, there exists a unique irreducible highest weight module V' (A)
with highest weight A. If A is dominant integral, V' (A) is integrable; i.e., all
the e¢; and f; (i=1, ..., n) are locally nilpotent on V(A).

An indecomposable generalized Cartan matrix A is said to be of finite type
if all its principal minors are positive, of affine type if all its proper principal
minors are positive and det4 = 0, and of indefinite type if A is of neither
finite nor affine type. A is of hyperbolic type if it is of indefinite type and all
its proper principal submatrices are of finite or affine type.

Let A = (aij)i, j=0,1,..,1 be a generalized Cartan matrix of affine type and let

A = (&;j)i j=—1,0,1,..,1 be the generalized Cartan matrix defined by

a-y,-1=2, G-1,0=4dg,-1=-1,
(12) &_1,,‘=&,“_1=0, fori=1,...,l,
Zz,-,,-=a,-,j, fOl‘i,j=0,1,...,1.

Then A has a Lorentzian signature. The Kac-Moody Lie algebras whose Cartan
matrix has a Lorentzian signature are said to be of Lorentzian type. Note that
the matrix 4 is of hyperbolic type for small values of n. In this work, we
study the structure of Kac-Moody Lie algebras g(A4) of Lorentzian type, where
A has the form (1.2).

Let V' = V(Ag) be the basic representation of the affine Kac-Moody Lie
algebra g(4) and let V* be the contragredient of V' in the sense that V* is
the space of all linear functionals on ¥ which vanish on all but finitely many
weight spaces of V. Hence V* is the irreducible lowest representation of
g(A4) with lowest weight —Ao. Let ( , )} denote the canonical bilinear pairing
between V* and V. For x € g(4), v eV, v* € V*, we simply write (v*xv)
for

(v*ex,v)=—(x-v*,v)=(v*, x-v).

Choose a pair of dual bases {x;|i € J} and {y;|i € J} of g(A4) with respect to
the standard invariant symmetric bilinear form defined on g(4) [Kac2, Chapter
2]. Define a bilinear map ¢: V* x V — g(A4) by

(1.3) p(v*, v) == (v xv)y;.
ieJ
It is clear that the map ¢ is well-defined. The space V @ g(4) @ V* has a local
Lie algebra structure with the Lie bracket defined as follows.
(1) The Lie bracket in g(A4) is the obvious one.
(ii) The Lie bracket between g(4) and V (respectively, V'*) is given by the
g(A4)-module action:

[x,v]l=x-v, [x,v]=x-v", forveV, v*eV*, and x € g(A4).

(iii) The bracket between V' and V'* is given by the map ¢: V*xV — g(4):
[v*, v]=¢(v*,v) forv*eV*andveV.
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Thus there exist the maximal graded Lie algebra G = @,., G, and the
minimal graded Lie algebra L = @, ., L, with the local part V & g(4) & V*
[Kacl]. Note that Gy = Ly = g(A4). For n > 1, the homogeneous subspace
G, (respectively, G_,) is spanned by all the brackets of n vectors from V*
(respectively, V'), and the grading on L is induced by that of G. We define a
graded ideal I as follows. For n > 2, let

Iin = {x € Giy|(ad G51)" ' x = 0},
and define I = @, In. Set I+ = @, I+n. Then the subspaces I and I.
are all graded ideals of G, and I is the maximal graded ideal of G intersecting
the local part trivially [B-K-M, F-F, Kacl, Kang]. Hence L = G/I. We write
G: = P,>;G+n and Ly = @,>, L+n. Then G, (respectively, G_) is the
free Lie algebra generated by V* (respectively, V).

Using the Gabber-Kac Theorem [G-K], we can prove that L is isomorphic to
the Kac-Moody Lie algebra g(4) [F-F, K-M-W, Kang]. In particular, the ideal
I, (respectively, I_) is generated by the elements (advj)?(e;) (respectively,
(adv)%(f;)) for i = 0,1,...,/, where vy and vg are highest and lowest
weight vectors of V' and V'*, respectively. Thus the ideal I, (respectively, I_)
is generated by the space I, (respectively, I_,). We denoteby a_;, ag, ..., oy
the simple roots of g(A4). Thus V is the irreducible highest weight module
over g(A4) with highest weight —a_, and V* is the irreducible lowest weight
module over g(A4) with lowest weight a_; . We will study the structure of the
homogeneous subspaces L, = G,/I,, as modules over the affine Kac-Moody Lie
algebra g(A4).

2. THE WITT FORMULA
Let G =D, G be the free Lie algebra with a finite set of (free) generators

{x1, ..., x,}. Then we have the following well-known Witt formula [J2]:
. 1
dimG, = - }Fu(d)r"/d ,
n

where u denotes the classical Mobius function. A nice proof is given in [Se].
The main ingredients of the proof are the Poincaré-Birkhoff-Witt theorem and
Mobius inversion.

More generally, let X = {x;/i =1,2,3,...} be a totally ordered set (pos-
sibly countably infinite) and let R be an (additive) partially ordered abelian
semigroup with a countable basis such that each element o of R can be ex-
pressed as a sum of elements of R which are less than or equal to o in only
finitely many ways. Let G be the free Lie algebra on the set X . We make G
an R-graded Lie algebra as follows. Define deg(x;) = u; for u; € R such that
pi < pj for i< j,and

deg([l- - [xi, » xi, ]+ 1%, 1) = iy + -+ + s, -
Let G; = {x € G|deg(x) = A} for A € R. Then G has the decomposition
G =@,crGr,and [G;,G,] C Gyyy for A, ue R.If G, #0, wecall 1 a

root of G and G; the A-root space of G. When all the root spaces are finite
dimensional, we define the formal character of G to be

chG =Y dimGe(d),
A€R
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where e(4) are the elements of the semigroup algebra C[R] with the multi-
plication e(d)e(u) = e(A + u). Similarly, we can define the roots, root spaces,
and formal character for the universal enveloping algebra U(G) of G. Then by
generalizing the proof of the Witt formula given in [Se], we obtain the following
generalization:

Theorem 2.1. Let S = {1;]i=1,2,3,...} be the set of distinct degrees of the
elements of X . Then the vector space V spanned by the elements of X has the
following decomposition: V = @2, V;,. For 1 € R, set

@) T@={m=0n,m,n,..)neLs, Y mu=1},
and define

(2.2) B(T) — Z ((En ) - 1) H(dlm Vti)n,
(m€eT(r) H(
Then
(2.3) dimG; =Y ( ) ;B(r),
T|A

where t|A if A = kt for some positive integer k, in which case A/t = k and
t/A=1/k.

Proof. Let y;, 72, 73, ... be an enumeration of elements of R and let m; =
dimG,,. Foreach s =1,2,3,...,1let {e, ;lis =1,..., ms} be a basis of
G,, . Then by the Poincaré-Birkhoff-Witt theorem the vectors of the form
ny, n n2,m n, ne,m
ey.l,i . e}"lll ':lnleyzz 1 6y, mzz : ey,',ll e}’;‘ i

are a basis of U(G). Thus dim U(G); is the cardinality of the family {n; ;}
such that

(ma+-tmm)n+ i+ 0 mpnt =4
But this is the coefficient of e(4) in the following formal expression:

H(l +e(ys) +e(2ys) +e(Bys) +---)™s.

s=1
Therefore
chU(G) =) (dim U(G))e(4)

AGR

= H(l +e(ys) +e(2ys) +e(3ys) +---)™

- U=tz = [ o=

AER
On the other hand, let V' be the vector space spanned by the set X. Then
U(G) is the tensor algebra T(V)=CoVad(V®V)®--- on V. Thus we have

chU(G)=1+chV +(chV)? + 1 !

TT1-chV  1T-32 (dim ¥, )e(t;)
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Therefore we obtain
1

chU(G) = 1—e(2))”4imG
R B VAT AT ) Ef “
Using the formal power series log(1 —¢) = — Y>>, t™/m, we get from the
left-hand side
1 _ = (chp¥)m
log (1_-57> =—log(l1-chV)=Y —

m=1

8

I
NE
3|~

(Z(dim V,‘.)e(r;))

i=1

1 ) . n

m 2 ) (112(:,4)) [Tim e (3 nim)

1 (n)=(n;
ni=m

3
n

M

3
Il

() = DU im v, ye(c)

I'I(n,

=

T€ER (n)€T(1)

B(1)e(1).

-
=

€
From the right-hand side, we have

log (H(l _ e(/{))—dim(h) = Z(dlm G,)log (1—;6(/1))

AER AER
. 2 e(kA 1 ..
=3 (dimGy) Y £ ( T ) - 3 (Z 7 (dim Gl)e(kl)) :
AER k=1 AER \k=1
Therefore : 5
B(1) = 1 ;d 7 dim G, = %: (;> dimG; .

Hence by Moébius inversion

dimG, =S (%) %B(‘t). O

T|4

Remark 2.2. We call the function B(t) the Witt partition function on V . The
formula (2.3) will also be called the Witt formula.

Let V' = V(A) be an integrable irreducible highest weight module over a
symmetrizable Kac-Moody Lie algebra g, and let G = @,,»; G» be the free Lie
algebra generated by V. Then G is also an integrable module over g, and G
has the root space decomposition induced by the weight space decomposition
of V. Let R = bh* with the usual partial ordering [Kac2). Let S = {t;|i =
1,2,3,...} be an enumeration of all the weights of V. Then by the Witt

formula,
. AN T
dim G, = Zu (;) IB(T) ,
7|4

for A €p*.
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Consider the principal gradationon V = @mzo V,» . Then each homogeneous
space G, is also principally graded induced by the principal gradation of V :
G, = @mzo G(n,m) - We give a new gradation to V' by setting

(2.4) 17,,,+1 =V, form>0.
Thus we have V =@, V;. Then this induces a new gradation on Gy :
Gr =D Gy
jzn

where G, j are given by
(25) G(n,n+m) = G(,,,m) for m >0.
Let R={(r,s) e ZxZ|r > 1, s > 1} with the lexicographic ordering. Let
S ={(1, j)|j € Z»} and for a pair of positive integers r, s, let
T(r,s)= {(n) =(ny, ny, n3,...)|n; €Ly, Zn,- =r, Zjn,- =s} .

Note that the set T(r, s) corresponds to the set of partitions of s into r parts.
Then by the Witt formula, we obtain

dim G(n ,m) = dim G(,, ,n+m)

(2.6) _ Z u((n,n+m)>( (r,s) §(r,s),

(r,9)l(n, n+m) (r,s) n,n+m)
where B(r, s) is defined by
Br,o= 3 () - 1) [[(cim Py

(2.7) ()ET(r,s) ) z:l_[n(n 1) §
B (en) L1 (dim Vj_ )™ .
(")GST-:(r,S) [1(n;") 11 !

Hence the principally specialized character of G, is given by
chy Gy = > (dim Gin, m))g™

m>0

(2.8)
_ (n,n+m) (r,s) 4 m
_Z( Z #( (r,s) )(n’n+m)B(ras))q

m>0 \(r,s)|(n,n+m)

3. HOCHSCHILD-SERRE SPECTRAL SEQUENCES

Let G be a Lie algebra and V' a module over G. We define the space
C,(G, V) of g-dimensional chains of the Lie algebra G with coefficients in V'
to be A?(G)Q® V. The differential d;: C4(G, V) — C4—1(G, V) is defined by
the formula

dy(g1 A Ngg®V)

Y D) g, @A A NG A AR A g BY
(3.1) 1<s<t<q

+ Y (CDGIA NG AN G) ® g
1<s<q
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where v €V, g,...,8 € G. For ¢ <0, we define Cj(G, V) =0 and
dy = 0. Then we have d; od;,; = 0. The homology of the complex (C, d) =
{Cq(G, V), d,} is called the homology of the Lie algebra G with coefficients
in V', and is denoted by H,(G, V). When V = C, we write H,(G) for
H,(G,C).

We shall be interested in the cases where G, V', and Cy;(G, V) are com-
pletely reducible modules in category & over a Kac-Moody Lie algebra g(4),
with d; being g(A4)-module homomorphisms, so that H,(G, V') are modules
over g(A4).

Let I be an ideal of G and L = G/I. We define a filtration {K, = K,C}
of the complex (C, d) by

(32) KGug={&iA@N - Ngg®v|gi€lforp+1<i<p+g}.

This gives rise to a spectral sequence {E; ,,d,: E; , — E; . ...} such that
E} ,=Hy(L, H,(1,V)) [H-S, Mc, Mo-T]. The terms E} , are determined by

(33)  E;*)=Ker(d,: E; ,— E}

p—r,q+r—

l)/ Im(df: E;+r,q—r+l - E;,q)

with boundary homomorphism d,,,: E; , — E) . | 44 Foreach p, g, the
modules E; , become stable for r > max(p, g + 1), and the stable module is
denoted by E3°,. The spectral sequence {E] ,, d,} convergesto H(G, V) in

the following sense:

»q°

(3.4) H,(G,V)= P E,.

p+q=n

When we have a convergent spectral sequence {E;
the following exact sequence [C-E]:

4> dr} as above, we have

H, - E} y— E§ | — H — E} ¢ —0.
In the above case, the following sequence is exact:
HZ(G, V) - HZ(L7 H0(19 V)) - HO(L3 HI(I’ V))
- HI(G3 V) - Hl(La H0(1> V)) - 0.

This sequence is called the Hochschild-Serre five term exact sequence. Ta sum-
marize:

Theorem 3.1. Let G be a Lie algebra and V be a module over G. Let I
be an ideal of G and let L = G/I. Then there exists a spectral sequence

{Ep ¢ dr E}f > E; , .\, 1} converging to H.(G, V) such that

(3.5) El 2 Hy(L,Hy(I,V)).

Moreover, the following sequence is exact:

HZ(Ga V) - HZ(L’ HO(I’ V)) - HO(L, HI(I’ V))

(3.6) — Hy(G, V) — H(L, H(I, V)) - 0.

As an application of Theorem 3.1, we have the following lemma.
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Lemma 3.2. Let g(A) be a Kac-Moody Lie algebra and let G = @,,»., G» be the
free Lie algebra generated by a g(A)-module Gy =V . Let I = @";m I, be the
graded ideal of G generated by the g(A)-submodule I, of G, for m > 2 and
let L =G/I. Then we have an isomorphism of g(A)-modules

(3.7) Hy(L)=1I,.
Proof. Note that L = @, L, is also a graded Lie algebra generated by the

subspace L; = G, . For the trivial module C, the Hochschild-Serre five term
exact sequence becomes

Hy(G) — Hy(L) — Ho(L, Hi(I)) —» H(G) = H (L) — 0.
Since
H(L)=2C®L/[L,L]= L, and H(G)=CQG/[G, G]l= Gy,

the homomorphism H;(G) — H;(L) is an isomorphism. Since G is free, by
definition, H,(G) = 0. Therefore we have

Hy(L) = Ho(L, Hy(D)) = Ho(L, /U1, 1) = (I/U, I)/L - (1)U, T)
> (I, I =In. O

4. THE KOSTANT FORMULA FOR KAC-MoOODY LIE ALGEBRAS

Let A4 be an n x n symmetrizable generalized Cartan matrix and let g(A4)
be the Kac-Moody Lie algebra with Cartan matrix 4. Lat A C h* be the
root system of g(A4) and denote by A* (respectively, A~) the set of positive
(respectively, negative) roots of g(A4). Then the triangular decomposition be-
comes g(4) =n~ ®@h@nt, where n* = @ ,: go- Let r; be the reflection
on h* determined by a; for i =1,...,n, and let W be the Weyl group of
g(A4) generated by the r, ..., r,. The expression w =r; ---r;, € W is called
reduced if s is minimal possible among all representations of w € W as a
product of the r;. In this case, s is called the length of w and is denoted by
l(w).

Let S={1,...,s} beasubsetof N ={1,..., n}. Consider the subalgebra
gs of g(A4) generated by the elements e;, f; (i=1,...,s) and h. Denote by
A% the set of positive roots generated by a;, ..., as, and let Ay = —A} . Then
gs has a triangular decomposition gs = ng @ h @ n} , where ngt =D, A% Ba>

and As = A} UAjS is the root system of gs. Let A¥(S) = A*\AT and let
g(4) =n7(S) ® gs ®n*(S).

Note that n*(S) are gg-modules via adjoint action. Let Ws be the Weyl group
of gs generated by r;, ..., r;, and let

@4.1)  W(S)={w e WiwA~ nA* C A*(S)} = {w € W|®,, C A*(S)},

where @, = {a € A*lw™!(a) < 0}.
For A € h*, we denote by V(A) the irreducible highest weight module over
g(4) and V(4) the irreducible highest weight module over gg. Then the struc-

ture of the homology modules H.(n=(S), 17(,1)) is determined by the following
theorem.




KAC-MOODY LIE ALGEBRAS 473
Theorem 4.1 [Liu].

(4.2) Hi(n™(S), VA) = @ Vw@+p) -p).

weW(S)

l(w)=j
Remark 4.2. This formula was first introduced by Kostant for finite dimensional
complex semisimple Lie algebras [Ko]. In [G-L], Garland and Lepowsky proved
this formula for symmetrizable Kac-Moody Lie algebras under the condition
that S is of finite type. In [Liu], Liu proved this formula for symmetrizable
Kac-Moody Lie algebras without assuming that S is of finite type. We will call
the formula (4.2) the Kostant formula.

The following lemma is very useful in the actual computation.

Lemma 4.3. Suppose w = w'r; and l(w)=[(w')+1. Then w € W(S) if and
only if w' € W(S) and w'(aj) € A*(S).

Proof. By definition, w € W(S) if and only if ®, = {a € A*|lw~!(a) < 0} C
A*(S). But @, = @, U {w'(a;)}. Thus ®,, C A*(S) if and only if & C
A*(S) and w'(aj) € A*(S), which is equivalent to saying that w’ € W(S) and
w'(aj) € AT(S). O

Now let A = (ajj); j=0,1,..,1 be a generalized Cartan matrix of affine type
and let 4 = (a;j); j=-1,0,1,..,; be a generalized Cartan matrix of Lorentzian
type as defined in §1. We have seen that the Kac-Moody Lie algebra g(A4) can
be realized as the minimal graded Lie algebra L = @, ., L, with the local part
V +g(A)+ V*, where V = V(—a_;) is the basic representation of the affine
Kac-Moody Lie algebra g(4). Let Ly = @nzl L.,. Then L. coincides with
n*(S) for the set S = {0, 1,...,/}. Thus the Kostant formula enables us to
compute the homology modules of the Lie algebra L. with coefficients in the
trivial module C:

(4.3) Hi(L)= @ Vwp-p).

weW(S)
l(w)=j

~ 2 -1 0
A= (aij)i, j=—1,0,1= | —1 2 =2
0o -2 2

be a generalized Cartan matrix of hyperbolic type. We realize the corresponding
hyperbolic Kac-Moody Lie algebra HAE” as the minimal graded Lie algebra
L=@,c, L, withlocal part V +g(4)+V*, where V = V(-a_;) is the basic
representation of the affine Kac-Moody Lie algebra Agl) . Let Ly =@,>; L+n
and let S = {0, 1}. We will compute some of the homology modules of the Lie
algebra L. with coefficients in the trivial module C using the Kostant formula.

Example 4.4. Let

For j = 1, the only element in W(S) of length 1 is r_y,and r_1p—p =
—a_;. Thus H{(L.) 2 V(-a-;). For j =2, by Lemma 4.3, we have only to
consider the element r_,ry. Since r_i(ag) = a—; + a9 € A*(S), r_1ro € W(S)
by Lemma 4.3. We have r_jrop — p = —2a_; — ag, and hence H(L_) =
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V(-2a-1 — ag). For j = 3, by Lemma 4.3, we need to check the elements
r_yror—; and r_ryr;. Since
r_iro(oy) = 20—y + 200+ € A+(S) s
we have r_jror; € W(S). But r_iro(a—1) = a9 ¢ A*(S), hence r_jror_; ¢
W (S). By an easy calculation, we get
royrprip—p=—-4a_; —3a9— ;.
Therefore
H3(L_) = V(—4a_1 - 36!0 - al) .
Continuing this process,we obtain
Hy(L_) =2 V(-Ta-; — 6ag — 3ay),
Hs(L_) = V(-10a-; — 10ap — Say) @ V(=1la_; — 10ag — 6a;), etc.

5. HOMOLOGICAL STUDY OF THE GRADED LIE ALGEBRAS

Let G = @, G» be the free Lie algebra generated by the subspace G, , and
let I =@,s,,I» be the graded ideal of G generated by the subspace I,, for
m > 2. Consider the quotient Lie algebra L = G/I. Then L = @, L, is
also a graded Lie algebra generated by the subspace L, = G . Let J =I/[I, I].
Since I is an ideal of G, L actson J = I/[I, I] via adjoint action, and thus
J becomes an L-module generated by the subspace J,,. Note that, as vector
spaces, J, = I, for m<n<2m.

Suppose that G, and I, are modules over a Kac-Moody Lie algebra g(A).
Then each homogeneous subspace G, has a g(A4)-module structure such that
x:[v,w]l=[x-v,w]l+[v, x-w] for x € g(4), v € G;, w € G,—;. Then
g(A)-module structure on the homogeneous spaces I, is given similarly. We
also have the induced g(A)-module structure on the homogeneous subspaces
L, and J,.

Now consider the exact sequence of L-modules

(5.1) 0-K->UL)®J,5J -0,

where y is the usual bracket mapping, and K is the kernel of y . This produces
a long exact sequence

- —>H(L,K)-> H/(L,UL)®Jn) — H(L,J)— Hy(L, K)
— Hy(L, U(L)® J) = Ho(L, J) - 0.
Since U(L) ® J,, is free over L, i.e., over U(L), we have
Hi{(L,U(L)® Ju)=0 forj>1
[J1, J2]. By definition, Ho(L, J) = J/[L, J]1= J,n and
Ho(L, U(L) ® Jpu) = U(L) ® Jn/L(U(L) ® Jm) = (U(L) ® Jm)m = Jm .
Thus from the long exact sequence we get a g(A4)-module isomorphism
(5.2) H(L,J)=Hy(L,K)=K/L-K.

On the other hand, using the Poincaré-Birkhoff-Witt theorem, we can prove the
following lemma (e.g., [Kac2, Exercise 9.13; Kang, Lemma 4.5]).
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Lemma 5.1. There is an exact sequence of L-modules

(5.3) 0-J3UL)eG Lur)tc—o.
Proof. Consider the homomorphisms

a: J =1/, I] - Us(G)/IUp(G) and B: Up(G)/I1Uy(G) — U(L)

induced by the natural injection I — Uy(G) and by the canonical surjec-
tion G — L, respectively. Define a homomorphism y: U(L) — C by y|c =
id and y(Up(L)) =0.

By the Poincaré-Birkhoff-Witt theorem, we have I N IUy(G) = [I, I], and
hence Kera = 0. It is clear that Ima = I + IUy(G)/1Uy(G) . Since 1U(G) C
Uo(G) ,

Ker 8 = Up(G) N TU(G)/1Uy(G) = IU(G)/1Uy(G).
Since U(G) = C+ Uy(G), IU(G) =1+ IUy(G). Thus Ker g =1+ 1Up(G) =
Ima . Finally, it is obvious that Im 8 = Uy(L) = Kery. Therefore we have an
exact sequence

0—J 3 U(G)/IUyG) & U(L) L c—o0.
Let By = {u;|i € Q} be a basis of I/ and let
B = {u;li € Q} U {uj|j € Q'}

be a basis of G extending B; . By the Poincaré-Birkhoff-Witt theorem, we have
a basis of U(G) consisting of the elements of the form

,.
Jt

with i) < --- < i; and j; < --- < j,. Note that U(L) = U(G)/IU(G). We
define a linear map #: U(L) ®y) Uo(G) — Up(G)/I1Uy(G) by

n((u+IU(G)) ® v) = uv + IUy(G)

for u € U(G), v € Uy(G) . Using the PBW basis (5.4), it is easy to show that
n is an isomorphism. Hence we have the following isomorphisms

Uo(G)/1Up(G) = U(L) ®y ) Uo(G) = U(L) ®ue) (U(G) ® G1) = U(L) ® G, -

Therefore we get the desired exact sequence. O

/gl
(54) Uj Uiy -~ Ui Uj UG, - U

Theorem 5.2. There is an isomorphism of g(A)-modules

(5.5) H;(L, J)= Hjyo(L) forj>1.
Proof. We split the exact sequence (5.3) into the following exact sequences:

0-J3UL)®G L Imp -0,

and

0—ImpB =Kery — U(L) — Coker 8 — 0.
Then we get long exact sequences:

= Hj(L,J)—- Hj, (L, UL)®G)— Hju (L, ImB)
- H;(L,J)->H;(L,UL)®G,)— H;(L,ImB)—---,
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and
- = Hpo(L, Im B) — Hjo(L, U(L)) — Hjya(L, Coker B)
— Hj (L, ImB) —» Hj (L, U(L)) — Hj1 (L, Coker B) — --- .
Since U(L) and U(L)® G, are free over U(L), we have
H(L,UL)=H/(L,UL)®G))=0 fork>1.
Thus we get
Hi(L,J)=Hj,(L,ImB)= Hj;,(L, Cokerf) forj>1.

But since y is surjective, Coker § = U(L)/Kery =& C. Therefore we get the
desired isomorphism. 0O

In particular, H;(L, J) = H3(L). Therefore combining with (5.2) yields
(5.6) K/L-K = H;(L).

Note that H3(L) has a graded module structure over g(4) induced by that of
L.

Theorem 5.3. Let t be the smallest homogeneous degree of H3(L). Then K; =0
for j <t and K, = H3(L),. In particular, we have

(5~7) Km+1 = H3(L)m+1 .

Proof. Note that K,, = 0. Thus H3(L),, = (K/L-K), = 0 and hence ¢ >
m+ 1. Now for m < j < t, assume inductively that K,, = --- = K;_; = 0.
Then

j—1
0=H3(L); = (K/L-K); = K,/ (ZL,_,- .K,») ~K;,
i=m

proving the first assertion. Similarly, since K,, =--- = K,_; =0, we have

t—1
Hi(L), = (K/L-K), = K, / (Z L K,-) ~K,. O

Theorem 5.4. (a) For m < j < min(2m, t), we have
(5.8) ;2 G6G® -G ®ly.
N e’
(j—m) times
(b) If t < 2m, we have
(5.9) L= G ® - ®G ®I,/H3(L),.
e ——

(t—m) times

In particular,

(5.10) Imi1 = Gy ® Iy /H3(L) sy -

Proof. (a) Since K; =0 for j <t, we have
;=2J2(UL)®ILn)i/Ki=(UL)® ) 2 UL)jem ® I -

Since m < j < min(2m, t), we have j—m <m. Thus L, £ G, for 1 <k <
Jj — m, which implies U(L)j_m = U(G)j-m. Since G is the free Lie algebra
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generated by the subspace G, the universal enveloping algebra of G is the
tensor algebra on G, . Hence we get

UG -m= Gi®---0G; .
|
(j—m) times

Therefore
I = GI1® -®G Qly.
N e’

(j—m) times
(b) Since t < 2m, we have
;2,2 (UL)® Im)t/Ki = (U(L)t-m ® Im)/ K -
By Theorem 5.3, K, =~ H;3(L),, and the argument of (a) gives
UL)-m2U(G)-m = G1®---0 Gy .
N————
(t—m) times

Therefore
L2 G ® QG ®Im/H3(L), .
N ———

(t—m) times
In particular,
(5.11) Ins1 2 (G1 ® L)/ H3(L)m4r . O

Now we study the homogeneous spaces I; of I for arbitrary j > m. ‘We
repeat the above process under the following setting. For j > m, let IU) =
> n>jIn. Since I, generates the ideal I, we have

Imy1 = (ad G1)(Im), .., In = (ad G1)""" (I;m) = (ad Gy )(In-1) -
Thus IU) is an ideal of G generated by the subspace I;. Consider the quo-
tient Lie algebra LU) = G/IV). Thus L = L™ in this notation. Set JU) =
IV /1Y), [D]. Then JU) is an LY)-module generated by the subspace J}’).
Note that J,Ej ) I,(,j ) =1, for j < n < 2j. Considering the exact sequences
0- KU 5 ULV ® Jj(j) ¥ g0 50,
and
0-JD S UL e G L UuwiyLc-o,

the same homological argument shows that the structure of H3(LY)) determines
the g(A)-module structure of the homogeneous spaces I, for j+1 < n <
min(2j, t¥)), where ) is the smallest homogeneous degree of H3(LY)). In
particular,

(5.12) Ly = (G @ 1)/ Hy(LY) 41 -

Therefore we now have an inductive algorithm to determine the g(A4)-module
structure of the homogeneous subspaces of the graded ideal I by studying the
homology modules H3(L\Y)) for j > m.

Suppose we have determined the structure of homology modules H,(LU~1Y).
We define the subspace NU—1D of LU) by NU-1 = [U=1/1() Then NU-D
is an abelian ideal of LY) and LY)/NU-Y is isomorphic to LU~V . Then from




478 SEOK-JIN KANG

Theorem 3.1, there gxists a spectral sequence {E; ,,d,: E] , — E ., +r—1}
converging to H,(LY)) such that
Eg,q ~ Hp(L(i—l) , Hq(N(j—l))) .
In particular, from (3.4), we have
(5.13) H3(L(j))EE§’f’O®E2°f’1 ®E”, ® ER;.
Thus to study the structure of H3;(L\)), we need to determine the boundary

maps d,: E; ,— E; , ... . Themaps d, are g(4)-module homomorphisms

since they are induced by the g(4)-module homomorphisms d, defined by
Géi)r‘lce LU= acts on NU—D trivially, we have

Hy(L9=, Hy(NU™1)) 2 Hy(LU™) & Hy(NU™).
Note that NU-D = [;_; as g(4)-modules and that NU~D is an abelian Lie
algebra. Thus, as g(A)-modules, Hy(NVU=1) = A9(I;_;). Therefore we have
(5.14) E2 = Hy(LU=Dy @ AU(I;_y).

In the next section, using the homological approach developed here, together
with the representation theory of affine Kac-Moody Lie algebras, we will deter-
mine some of the boundary homomorphisms and deduce some new structural
information on the Kac-Moody Lie algebras of Lorentzian type.

6. THE STRUCTURE OF THE MAXIMAL GRADED IDEAL

In this section, we study the structure of the maximal graded ideal 7. We
know that the ideal 7 of G_ is generated by the homogeneous subspace I_,
and hence we may write I_ = % following the notation introduced in the
previous section. Similarly, for j > 2, wewrite IV = ¥, . I_,, LY = G/IY,
and NY) = 191U B
Lemma 6.1.
(6.1) I ,=2V(-2a_1—ag).
Proof. Since G_ is free and I_ is generated by the subspace I_,, from the

Hochschild-Serre five term exact sequence, we see that I_, & H,(L_) (Lemma
3.2). By the Kostant formula (see the computations at the end of §4), we have

HyL)= Y V(wp=p)=V(rarp~p)=V(-20_1 ~a9). O
weW(S)
H(w)=2

By the homological theory developed in the previous section, we have in
general that

(6.2) Iy 2V @I j/Hy(LY) sy for j>2.

When j =2, L? coincides with the subalgebra n=(S) for S=1{0, 1, ..., [},
and therefore we can compute H3(L(_2) ) using the Kostant formula. For in-
stance, in the case of HA(II) , we have H3(L(_2)) = V(—4a_; — 3ap — ;). Thus
H3(L®)_3 =0, and hence we obtain

(6.3) 132V QI /Hy(LP) 32VeI_,.
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So we can easily determine the structure of the subspace /_3 using the Kostant
formula. However, for j > 3, we cannot use the Kostant formula to compute

the homology module H3(L(_j)) . We study the higher levels by developing some
techniques from the Hochschild-Serre spectral sequences.

Theorem 6.2. Let g(A) be an affine Kac-Moody Lie algebra, V be its basic
representation, and let G, I, and L be as defined in §1. Then we have the
jI"ollowing information on the g(A)-module structure of the maximal graded ideal
HAY:  I32vel,,
142V ®I3/(V(—4a_; — 3ag —a) & S*(I_3)),
Is2VRI4/VRA(I,y);
HAP:  I;2Vvel,,
I_42V eI 3/S% (),
I_s=2V I 4/VeA(,y);
HAY, 1>2: 132V eI,/(V(-3a_; - 2a0 — 1)
& V(-3a_; — 209 — o)),
Ia=V ®13/SYI_y);
HC, HDY: 132V ®I,/V(-3a_;-2a0—a)),
142V eI3/S(I,);
1>2: I 32VeI,,
4=V ®I3/(V(-4a_; —3ap— a1) ® S*(1_2));
HB, 1>3, HD{V, I>4: 132V @I ,/V(-3a_; —2a—);
HC, HAD |, 1>3, HF", HG)", HE\", HE{", HE®:
I 32VQRI,/V(-3a_1—2ap)—0a;);
HE": 132V ®I_y/V(-3a_; —2a—ag).

Proof. The Kostant formula determines the g(A)-module structure of the sub-
space I_; for all cases. For higher levels, we consider the following four cases
separately.

Case 1. HA.

By (6.2), to determine the structure of I_,, we need to determine the struc-

ture of H3(L®)_4. We consider the following short exact sequence

HAQ, HD?

I1+1°

0N L® L 1P L0

and the corresponding spectral sequence {E; ,} converging to H*(L(_”) such
that

E? 2 Hy(L?) @ AY(I_,).
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We will compute H3(L(3)) 4 from this sequence.
Let us start with the sequence

0—’E22’0 gEg,[ g 0.

Note that
H@®) =21/ N=2L_ =v.

Since the spectral sequence converges to H, (L(_3)) , we have

H(LP) = EP @ Eg, .
But

EXo=Ef o2 H(LY) = LP/ILY, P2 L, =V,

which implies Eg°, = E3 | = 0. Hence the homomorphism d, is surjective.
Since E% ~] , and E0 , 2 1_,, d, must be an isomorphism. Thus E% 0=

0, and hence Ef, =0.
Now consider the following sequence
0—’E3’0 —%Elz’l g 0
By the Kostant formula, we have
E%,O = H3(L(_2)) 2 V(-4a_; —3ap— a;)
and
E} 2 H(LP) @I ,2Vol,.
Since V ® I_, is a direct sum of irreducible highest weight modules over A(l')
of level 3, by comparing the levels of both terms, we see that d,: Ef , — E} |

is trivial. So E3 , = E3 o, and E° = E} | = E} | 2 V' ®I_;. Since 1% s
generated by 1_3 , by Lemma 3. 2, and (6. 3) give

Hy(LP) 2T ,=V®I,.

But we have
Hy(LY) = E5 @ E°, @ E§°, .

It follows that Eg°, = E§ , = 0. Hence we conclude either Ej , = 0 or the
homomorphism ds: E3 ; — E} , is surjective.

Assume first that Ej , = 0 . This implies that d3: E5 , — Ej , is trivial
and that the homomorphism d,: E7 | — EZ , is surjective in the sequence

0—- E‘%,o - Ez2,1 - Eg,z - 0.
Thus
ES°) = E3 o = Ker(ds: Ej ¢ — Ej ,)/Im(d3: 0 — E3 )
=E3 o=E} (2 V(-4a_; —3a0 — ay).

By comparing levels, we see that d: E] j — E7 | must be trivial. Note that
E} , = A*(I-,). Therefore E; ;= EZ , and

Es°, = E3 | =Ker(dy: E} | — E} ,)/Im(dy: E} o — E3 )
~ Ker(d,: E} | — E{ ).
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Since d: E] | — E} , is surjective, we have
A*(I_;) 2 E} , 2 E} /Kerd, 21 ,®1_/Kerd,.
Therefore Kerd, = S?(I_;). Hence E5°; = S*(I_5).

If EJ , isnonzeroand ds: E} , — E§ , is surjective, then since E3 , = Ej
is irreducible, d3: E3 , — E3 , is an isomorphism. Thus E$°% = E3 ;=0 and
V(—4a_y — 300 — 1) 2 E3 (2 E} , 2 E} ,/Im(d: E] | — E} ,)

= AX(I-y)/Im(dy: Ef | — Ef 5).
Since all the modules involved here are completely reducible over A(l') , we have
Im(dy: E} | — E} ) 2 A*(I_3)/V(—4a_; — 300 — ay).
We have seen that the homomorphism d: EZ ; — E3 | is trivial. Thus
Ef, = E3 | = Ker(dy: Ef | — E§ »)/1m(dy: E} o — E3 )
=Ker(dy: E} | - E§ ,).
Since
Imd, = A%(I_,)/V(-4a_; — 3ap — a;)
> E} | /Kerd, 21, ®1_/Kerd,,

we have
Kerd, = S?(I_,) ® V(—4a_; — 3ag — o).

Therefore in either case, we have
EP @ E, & SYI_y) @ V(—da_; —3ag—ay).
Now consider the sequence
0= Elo—E} | —E};—0.
By comparing levels, we see that the homomorphism d,: E? | — E} , is trivial.

Thus
E} ,=El,2VeA(l,).

Again by comparing the levels of the terms in the sequence
0— Eg,o 4 E13,2 -0,
we conclude that d3 = 0. Therefore E{°, = Ef , =Ej 2 =V ® A*(I,).
Finally, since E§°; is a submodule of E} 3= A3(1_,), we see that
Hy(L®) 2 V(—da_, —3a0— a)) ® S2(I_3) & (V9 AX(Iy) & M,

where M is a direct sum of level 6 irreducible representations of A{" . There-
fore we have
(6.4) Hy(LY)_4 2 V(~4a_; — 3a0 - 01) ® S2(I_1),

and

I4=V el 3/Hy(LY)_,
2V @ I_3/(V(~4a; — 300 — ay) & SX(I_y)).

(6.5)
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To determine I_s, we study the short exact sequence
0— N(3) N L(4) N L(3) =0

and the corresponding spectral sequence {Ej ,} converging to H,(L(_")) such
that

E? = Hy(LY)® AY(I_3).

We will compute H3(L(_4))_5 from this spectral sequence. It is easy to show
that d,: E?  — E} | is an isomorphism and that E5°) =0.
Consider the sequence
0-’E§’0 iZ)E‘lz,l - 0.
We have
E3 02 V(—da_; —3ag—a)) @ S*(I_y) @ (V@A () e M,

and
E} 2 H(LP)®I_3=2VeRI;.

By elementary linear algebra, we have E32’0 ~ Kerd, ® Imd,. Since d, is

a homomorphism between A(ll)-modules, by comparing levels, we see that d,
maps (V ® A2(I_;)) ® M to zero. Thus Imd, is isomorphic to a submodule
of V(—4a_; — 3ag— a;) ® S*(I_;). By Lemma 3.2 and (6.5), we have

Hy(LW) 2T, 2V ®I_3/(V(~4a_; — 3ag — a;) ® S3(I_3)).

Since
EX =E} | =E} /Imd, 2V ®I_3/Imd,

is a direct summand of HZ(L(_“)) , Imd, contains a submodule isomorphic to
V(—4a_; — 3ag — a;) ® S?(I—;) . Hence we conclude that

Imd, = V(—4a_; — 309 — a;) & S*(I_3).

Therefore
E} o2 (VRA(y)eM

and E{°, = E} | = I_4. This implies that Eg°, = Ej, = 0. Thus the
homomorphism d3 is surjective in the sequence
0—E} B E},—0.
Since Ej , is a submodule of E} , = A%(I_3), by comparing levels, we see that
Kerd; must contain ¥V ® A%(I_,). It follows that
ESy=Ef o= (VoA (Iy)e M,

where M’ is a direct sum of level 6 irreducible highest weight representations
of Agl) . Therefore (E5%)-s =V ® A%(I_,). It is easy to see that

(E3%1)-s = (ETS2)-s = (Egi3)-s = 0.

Therefore we have
(6.6) Hy(L®)_s 2V @ AXI_,)
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and
(6.7) s 2V RIg/Hy(LW)_s2VRI_4/V@AN(I3).
Case 2. HA(22).

For the structure of I_4, we study the spectral sequence {E; ,} correspond-
ing to the short exact sequence

O—»N(_Z)—>L(_3)—>L(_2)—>0.

As in the case of HA(I1 , it is easy to deduce that the map d,: E22’0 — Eg,l is
an isomorphism and that E5°%, =0.
By comparing the levels of the terms in the sequence
0 Ej —2‘512,1 -0,

we get d, =0. So

E3 =E3} y=V(-6a_| - 5a0 — a1),
and

EX =E} | =E}  2Ve®I,=1_3;.

Since H(LY) = I_;, we have Eg°, = Ej , = 0. Hence the homomorphism
ds: E3 , — Ej , is surjective. But since E§°, is a submodule of Ej , =
A%(I_,), we see that ds is trivial. This implies

Ef% = B3 o= E3 o= V(~6a_; — Sag — )

and Ej , = 0. Thus the homomorphism d,: EF | — Ej , is surjective in the
followmg sequence
0—’1[':‘%0—’1522 1 “'Egz“’o
Again by comparing levels, we deduce that the homomorphism d: E7 , — E} |
must be trivial. Therefore
E} o =E} o=V(-9_ —8ag—20ay)
and
EXy = Ez 1 = Ker(d: E} | — E} ,)/Im(d;: E, o - Ez 1)
= Kel'(dz. Ez’l i Eo’z) .

Since
Imd, = A2(1_2) = E22’1/Kerd2 2] ,®I1 3/Kerd,,
we have Kerd, = S?(I_,). Therefore E5°, = S*(I_).
Now consider the sequence
0—’E520—’E§ 1 —’E122—’0-

By comparing levels, we see that the homomorphism d,: E: 3 , — E? , istrivial.
Thus E1 ) = = E? {22V® A%(I_,). Again by comparing the levels of the terms
in the sequence

d
0—>E2’0—’>Ef’2—»0,
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we conclude d3 = 0. Therefore
Ef =Ef ;= E , 2 VoA ().
Finally, since E§°; is a submodule of E§ ;2 A3(I_,), we see that

Hy(L®) 2 V(=6a_, — 5ag —ay) @ S2(I_y) & (V @ AX(I_y)) & M,

where M is a direct sum of level 6 irreducible highest weight representations
of Agz) . Therefore we obtain

(6.8) Hy(LY)_4 = S¥(Iy),
and
(6.9) 42V ®I_3/Hy (L) s 2V I_3/S*I_,).

To determine /_s, we study the spectral sequence {E; ,} corresponding to
the short exact sequence

0 NY LW L% 5o0.
As in the case of H A(ll) , we know that
(ES%0)—s 2V ® A*(I_2)

and that
(E3%1) -5 = (Ef%;) -5 = (Egi3)-5 = 0.

Therefore we have

(6.10) Hy(LW)_s =V @ AX(I_,)
and
(6.11) Is2VRI4/Hy(LW)_s2VRI_4/VeA(,).

Case3. HAV, 1>2, HC"), HD{ .
We first study the case of H A;') . Consider the short exact sequence
0-N?P - L® 1P 50,

and the corresponding spectral sequence {E; ,}. As we have seen before,
dy: E} y — E§ | is an isomorphism and hence E5°, =0.
In the sequence

0—>E§,0 4 Elz,l -0,
we have
E} o= Hy(L?) 2 V(=3a_; — 2a0 — 1) ® V(-3a-; — 200 — o),
and Ef,l >~V @ I_,. As we have seen before, we have
Imd, 2 V(-3a_; —2apg—a;)® V(-3a_) — 209 — ).
Hence E3 , =0, which implies E5°, =0.

Moreover, since E°, = E} | = I_3, we have Eg°, = Ej , = 0. Thus the
homomorphism dj; is surjective in the sequence

d
0 E} (3 E3,—0.
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Since E3 =0, we also have E3 , = 0. That is, the homomorphism d,: E} |
— E} , is surjective in the sequence

O*Eg,o _’E22,l —*Eg,z - 0.
Note that
Ef,o 2V(-4a-; —3ap—2a; —ay)® V(—4a_; — 3ap — 20; — oy_y)
and that
Ezz,l 2121 ,=2V(-2a_; —ag) ®V(-2a- —ap).

In the decomposition of V(-2a_; — ap) ® V(-2a—; — ay), every irreducible
component must have the form V(A — md), with m > 0 and

—4a_; —2a9g-0 <A< —da_; - 2ayg.
Since d = ap+a; +---+a;, A must satisfy
—4a_1 - 2ap—A<apt+ay+---+aq.
But we have
—40_1 —2a0— (—4a_1 - 3ap—2a;—a) =ap+2a;+ay £,
and
—da_; —2ap—(—4a_; —3ap— 201 —aj_1) =ag+2a; +a;_1 £9.

Thus V(-4a_; — 3ap — 20y — ap) and V(—4a_; — 309 — 201 — a;_;) do not
occur as irreducible components in the decomposition of

V(=201 —ap) ® V(-2a_; — o).
Therefore the homomorphism d,: Ef ( — E3 | is trivial and we obtain
E =E; | 21201 2/Im(dy: Ef | — E§ ) = S*(I-).

It is easy to show that (Ef°))_4 = (E§°;)-4 = 0. Hence we get

(6.12) Hy(L®)_, = S2(1_,),
and
(6.13) 142V QI_3/S¥I_,).

The proofs for the other cases are similar.
Case4. HAS), HD®,, 1>2.
By the same argument of Case 1, we have

(6.14) Hy(LY)_4 = SX(I_y) @ V(~4a_; - 3ag — ay),

and therefore

(6.15) I42VI3/(V(-4a_; —3ag—a;) ®S*(I_3)). O
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7. THE PRINCIPALLY SPECIALIZED AFFINE CHARACTERS
AND THE ROOT MULTIPLICITIES

In this section, we compute the principally specialized affine characters and
the root multiplicities of the Lorentzian Kac-Moody Lie algebras g(A4) for cer-
tain higher levels. We define the signum function as follows. If a is an integer,
then

e(a,t)=1 if o is divisible by ¢,
=0 otherwise,
and if « is a root of a Kac-Moody Lie algebra g(A4), then

e(a, t) =1 if a is divisible by a root of level ¢,
=0 otherwise.

Let F(q) = Y oo f(n)g", X(q), Y(q), and Z(q) be the principally special-
ized characters of the integrable irreducible representations of the affine Kac-
Moody Lie algebras g(A4) of level 1, 2, 3, and 4 given in [Kang].

In §2, we have seen that the Witt formula gives the principally specialized
affine characters of the homogeneous subspaces of the maximal graded Lie al-
gebra G:

chy Gy =Y (dim Gy m)g™

(1.1)

m>0
(la m + l) (r’ S) ~
'”ZZ:O ((’,S)I(El,:mH) ( (r,s) ) (I,m+1) )

where the function B(r, s) is defined by the formula (2.7). We introduce the
following functions:

Wa(q) =chy G-,

(7.2) -y (E(z, m+2)~ ze(m, 2)f (%)) q",
m>0
Wi(g) = chy G-3
(7.3) _E( (3, m+3) —-—s(m 3)f( )) qar,
m>0
Wa(g) =chg G4
(7.4) _ngo( (4, m+4)—-—8(m 2)B( ';+2))q"',
Ws(q) = chy G_s
(1.5) _ 1
,,,2;0( (5,m+5) s(m 5)f(5))

Theorem 7.1. Let L = @, L, be the realization of the Lorentzian Kac-Moody
Lie algebra g(A). Then the principally specialized affine characters of L_,,
n=1,2,...,5, are given by the following formulas.
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HAY:  chyL_, =F(q),
chy L, = Wi(q) — X(q),
chy L_3 = W3(q) — F(9)X(q),
chy L_q = Wa(q) — F(9)*X(q) + Z(q) + 3(X(9)* + X(4%)),
chy L_s = Ws(q) — F(9)*X(q) + F(9)Z(q) + F(9)X(q)*.
HAP:  chy L, =F(q),
chy L, = Wy(q) — X(q),
chy L_3 = Ws(q) — F(9)X(q),
chy L_g = Wa(q) - F(9)*X(q) + 3(X(9)* + X(d%)),
chy L_s = Ws(q) - F(9)*X(q) + F(9)X(9)*.
HAY, 1>2:
chy L, =F(q),
chy L_; = Wi(q) — X(q),
chy L3 = W3(q) - F(9)X(q) +2Y(q),
chy L_q = Wa(q) - F(9)*X(q) + 2F ()Y (q) + 3(X(9)* + X(¢%)) .
HC", HDY:
chy Li— = F(q),
chy L_, = Wa(q) — X(q),
chy L3 = Wi(q) - F(9)X(q9) + Y (9),
chy L_q = Wa(q) — F(9)*X(q) + F(9)Y (q) + 3(X(9)* + X(¢%)).
HAD, HDP®,, 1>2:
chy L, = F(q),
chy L_> = Wa(q) — X(q),
chy L_3 = W3(q) — F(9)X(q),
chy L_q = Wa(q) — F(9)*X(q) + Z(q) + 3(X(9)* + X(¢%)).
HAY , HBY, HCV, 1>3, HD{", 1>4, HF", HG", HE{",
HE", HE{", HE®:  chL_,=F(q),
chy L_, =Wy(q) — X(q),
chy L3 = Ws(q) - F(a)X(q) + Y(q).

Proof. The results follow directly from Theorem 6.2 and formula (2.8). O

Now we compute the root multiplicities. We first consider the hyperbolic
Kac-Moody Lie algebra HA!" . Let V be the basic representation of 4{" and
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let S={r;]i=1,2,3,...} beanenumeration of all the weights of V. Define
the function B()(1) by

(n ((Z nz) - l)' _ (Tilfi) n;
(16)  BY(r)= (,.);) s H(p(l (eie) )) ,

where ( | ) denotes the standard invariant symmetric bilinear form on b*
[Kac2]. Then by the Witt formula, we have

i - ) Ipm
(1.7) dim(G_)a %; u (T) ZBU(v).
Thus for the roots of level 2, the Witt formula gives
(7.8) dim(G-2)s = B (a) - 3&(a, 2)p(1 - §(ala)).
Since I_, 2 V(-2a-; — ap), by [F-L], we have

(7.9) dim(I_;), = E (3 - @) ,
where the coefficients E(n) are given by the equation
1 $(q%)

2 BN = = = )~ F e

Therefore we obtain
(7.10)  dim(L_3)q = BV(a) - %s(a, 2)p (1 - %(ala)) —E (3 - _(aéa)) :

For the roots of level 3, by the Witt formula, we have

(7.11) dim(G_3)a = BY(a) — §&(a, 3)p(1 - f5(ala)).
By Theorem 5.2,

1_3 2V e 1_2 = V(—a_l) ® V(—Za_l - ao) .
In [Fel], Feingold showed that I_; has a decomposition into a direct sum of
level 3 irreducible representations of the affine Kac-Moody Lie algebra A(ll) :

I_3=Y (amV (=301 — ag — mb) + buV (-3a_; — (m + 1)d)),
m>0
where the coefficients a,, and b,, are given by
am =Y _(p(m - j(20j +3)) — p(m — (4j + 3)(5j + 3)))

JEZ

and

bm =Y (p(m— (20j% + 11j + 1)) — p(m — (20j% + 19j + 4))).
JEZ
Therefore, by [F-L], we have
ND(a) = dim(I_3),

(1.12) ___Z(amH(l_g.m_M)+me(6—3m—@)),

m>0
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where the functions G and H are defined recursively as follows. For m > 0,
0= (-1)"G(3m - in(5n+3)),

n€Z
0= (-1)"GBm—-1-1n(5n+1)),

nez

with the initial conditions G(0) = 1, G(-3m) = G(-3m + 2) = 0, and for
m>0,

0= (-1)"H(3m - in(5n +3)),
nez

0= (-1)"H3m+2-4n(5n+1)),
neZ

with the initial conditions H(2) =1, H(-3m+3) = H(-3m +2) = 0. There-
fore we have

(7.13) dim(L_3), = BV(a) - %s(a, 3)p(1 - Tls(a|°‘)) -~ NWD(a).
We summarize these results in the following theorem.

Theorem 7.2. Let L = @, ., L» be the realization of the hyperbolic Kac-Moody
Lie algebra H A(ll) . Then we have the following root multiplicity formulas

dim(L_), =p (1 - QO_%Q) )
dim(L_,), = BY(a) - %s(a, 2)p (1 - %(a|a)) -E (3 - @) ,
dim(L_s), = BV (a) — %8(a, 3)p (1 - 1—18(a|a)) ~ NO(a).

For the hyperbolic Kac-Moody Lie algebra HAY et S={7li=1,2,3,...}

be an enumeration of all the weights of the basic representation V' of Agz) . De-
fine the function B?)(7) by

R

(n)eT (1)
Then by the Witt formula, we have

: = 2\ T30
(7.15) dlm(G_)a—§u(T) ~BO(r).
Thus for the roots of level 2, the Witt formula gives
(7.16) dim(G_,)a = BW () — Le(a, 2)p(} - L(ale)).
Since I_5 = V(-2a_; — ap), by [F-L], we have
(7.17) dim(I-;), = D(4 - (ala)),

where the function D is defined recursively as follows. For £k >0,
> D(4k — n(15n+4)) = >_ D(4k — (3n+1)(5n + 3)),

nez nez
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and for m> 1,
ZD(4m -3-n(15n+2)) = ED(4m -3-Bn+1)(5n+1)),
neZ nezZ
with the initial conditions D(1) =1, D(—4m+8) = D(—4m+5) = 0. Therefore
we obtain
(7.18)  dim(L_2)a = B?(e) - Je(a, 2)p(} - §(ala)) ~ D4 - (ala)).
For the roots of level 3, by the Witt formula, we have
(7.19) dim(G_s)a = BO(a) - e(a, Ip(} - f(ala)).
By Theorem 6.2,
I 32VRI2=2V(—a_1)®V(-2a-) —agp)
and 7_3 has a decomposition into a direct sum of level 3 irreducible represen-
tations of the affine Kac-Moody Lie algebra A§2> [Fel]:
I_3= (amV(-3a-1 — ag — md) + bV (-3a_; — (m + 1)9)),
m>0
where the coefficients a,, and b,, are given by
am+ Y _(p(m - j(15) - 2)) — p(m — (5j + 1)(3j + 1)),
jez
and
bm =Y (p(m - j(15j = 7)) — p(m — (5j + 1)(3j + 2))).
JEZ
Therefore by [F-L] we have
N®(a) = dim(I_3),
(7.20) _ 9 _3m— M) (2 —3m— M))
=) (amK (3 -3m— 5= ) +bnt (5 -3m-5—] ),
m>0
where the functions J and K are defined recursively as follows. For k > 0,

Y JBk-3n(Bn+1))=> JBk-(3n+1)3n+2),
neZ neZ
and for m >0,
Y JBm-2-(3n)) =) J(B3m-2-(3n+1)?,
neZ neZ
with the initial conditions J(0) =1, J(-3m)=J(-3m+1)=0. For k>0,
> K(3k-3n(3n+1)) =) K(3k—-(3n+1)(3n+2),
nez nez
and for m> 1,
> KBm-2-(3n?) =) K(B3m-2-(3n+1)?,
nezZ nez
with the initial conditions K(1) =1, K(-3m +6) = K(—-3m +4) = 0. There-
fore we have

(7.21) dim(L_3)e = B@(a) - Le(a, 3)p(} - &(ala)) - ND(a).
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We summarize the above results in the following theorem.

Theorem 7.3. Let L = ,.; Ly be the realization of the hyperbolic Kac-Moody
Lie algebra H Agz) . Then we have the following root multiplicity formulas -
. _ 1 (alo)

dlm(L_l)a =p (2 2 ) )

dim(L_2)a = B®(a) - ye(a, 2)p(4 - }(alw)) - D(4 - (ala)),

dim(L_3)a = B¥(a) — &(a, 3)p(} - f5(ala)) - N(a).
Remark 7.4. Recently, Kac has informed the author that he also discovered
a level 3 root multiplicity formula for the hyperbolic Kac-Moody Lie algebra
HA&‘) . We introduce his formula in the following. Unfortunately, the proof
has not been available to the author yet.

Define a function w(k) by

wk)=1 ifk=0,1 (mod 3),

(7.22) =0 ifk=-1 (mod 3).

Then we have
(7.23) dim(L_3), =v (l - @) ,

where the coefficients v(n) are defined by

24 24 .
N T (2%6)) II “*"’)‘3)

n>0 j=£3 (mod 24)

X (42 [I  +d)Y wlk)g®+*

(7.24) j=%9 (mod 24) kez
+¢ [ a+d)d) w(k)qﬂc’)
j=%3 (mod 24) keZ
THLY (I N3 e
3\ 9(@)o(e®) & #(¢%)

Combining (7.23) with (7.13) yields the following combinatorial identity:

(125 BW(a)- %e(a, 3)p (1 - 1—18(a|a)) -NY(a)=v (1 - -(i‘ii)) :
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